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Abstract. E-matching is the most commonly used technique to handle
quantifiers in SMT solvers. It works by identifying characteristic sub-
expressions of quantified formulae, named triggers, which are matched
during proof search on ground terms to discover relevant instantiations of
the quantified formula. E-matching has proven to be an efficient and prac-
tical approach to handle quantifiers, in particular because triggers can be
provided by the user to guide proof search; however, as it is heuristic in
nature, e-matching alone is typically insufficient to establish a complete
proof procedure. In contrast, free variable methods in tableau-like calculi
are more robust and give rise to complete procedures, e.g., for first-order
logic, but are not comparable to e-matching in terms of scalability. This
paper discusses how e-matching can be combined with free variable ap-
proaches, leading to calculi that enjoy similar completeness properties as
pure free variable procedures, but in which it is still possible for a user
to provide domain-specific triggers to improve performance.

1 Introduction

SAT and SMT solvers form the backbone of many of today’s verification sys-
tems, responsible for discharging verification conditions that encode correctness
properties of hardware or software designs. Such verification conditions are often
generated in the context of intricate theories, including various kinds of arith-
metic, uninterpreted functions and equality, the theory of arrays, or the theory of
quantifiers. Despite much research over the past years, efficient and scalable rea-
soning in the combination of such theories remains challenging: in particular for
handling quantifiers, most state-of-the-art SMT solvers have to resort to heuris-
tic techniques like e-matching and triggers [5, 6], which is a popular method due
to its simplicity and performance, but which offers little completeness guarantees
and is sensitive to syntactic manipulations of input formulae.

This paper takes the standpoint that heuristics like e-matching should be
considered as optimisations, and triggers as hints, possibly affecting the perfor-
mance, but not the completeness of an SMT solver. In other words, the set of
formulae that a solver can prove should be independent from chosen triggers.
Working towards this goal, the paper presents calculi integrating constraint-
based free variable reasoning with e-matching, the individual contributions being
(i) a free variable sequent calculus for first-order logic (Sect. 3), with support for
e-matching and user-provided triggers to guide instantiation of quantified formu-
lae, partly inspired by the positive unit hyper-resolution calculus [11,12]; (ii) a



similar calculus for first-order logic modulo linear integer arithmetic (Sect. 5),
extending the calculus in [20]; (iii) as a component of both calculi, an approach
to encode functions and congruence closure procedures (commonly used in SMT)
as uninterpreted predicate (Sect. 4); (iv) a complete implementation of the cal-
culus (ii), called PRINCESS, and experimental evaluation against SMT solvers
competing in the last SMT competition (AUFLIA category) (Sect. 6).

The calculi in (i) and (ii) are sound and complete for fragments such as first-
order logic, Presburger arithmetic, the universal and the existential fragment of
first-order logic modulo integers, and the languages accepted by related meth-
ods like ME(LTA) [2] and the complete instantiation method in [7]. Since our
procedure has strong similarities with the DPLL(T) architecture used in SMT
solvers, many optimisations developed in the SMT context are expected to be
applicable also to our calculus.

1.1 Introductory Example

We start by illustrating e-matching and free variable methods using an example.
The first-order theory of arrays [13] is often encoded using uninterpreted function
symbols sel and sto by means of the following axioms:

Va,y, z. sel(sto(z,y,2),y) = = (1)
V:EvyhyQ?Z‘ (yl = Y2 \ SCZ(StO(ﬂU»yla Z)ayZ) = S@l(fL’, y2)) (2)

Intuitively, sel(x,y) retrieves the element of array x stored at position y, while
sto(x,y, z) denotes the array that is identical to z, except that position y stores
value z. In order to prove that some formula holds over the theory of arrays, the
underlined expressions can be used as triggers that determine when and how the
axioms should be instantiated. Generally, triggers consist of a single or multiple
expressions (normally sub-expressions in the body of the quantified formula)
that contain all quantified variables. For instance, to prove that the implication

b= sto(a,1,2) — sel(b,2) = sel(a,?2) (3)

holds over the theory of arrays, we can observe that the term sel(sto(a,1,2),2)
occurs in the implication, modulo some equational reasoning. This term matches
the underlined pattern in (2), and suggests to instantiate (2) to obtain the in-
stance 1 = 2V sel(sto(a, 1,2),2) = sel(a,2). In fact, (3) follows for this instance
of (2), when reasoning in the theories of uninterpreted functions and arithmetic,
which allows us to conclude the validity of (3).

The axioms and triggers shown above are commonly used in SMT solvers,
and give rise to an efficient decision procedure for ground problems over arrays.
However, in the presence of quantifiers, e-matching might be unable to determine
the right instantiations, possibly because required instantiations do not yet exist
as ground terms in the formula. For instance, variants of (3) might include:

b= sto(a,1,2) — 3x. sel(b,x) = sel(a,?2) (4)
b= sto(a,1,2) — Fx. sel(b,x + 1) = sel(a,2) (5)
b = sto(a,1,2) — Jx. sel(b,x) = sel(a,x) (6)



Though the formulae are still valid over the domain of integers, the match
sel(sto(a,1,2),2) used previously has been eliminated, which makes proof search
more intricate. The state-of-the-art e-matching-based SMT solver CVC3 ([1],
version 2.4.1) is able to solve (3), but none of (4), (5), (6). A more realistic
example, though similar in nature to the formulae shown here, was reported in
[10, Sect. 3.3], where a simple modification (Skolemisation) of a small formula
prevented Z3 [16] from finding a proof. The goal of the calculus developed in this
paper (and of our implementation PRINCESS) is to obtain a system that is more
robust against such modifications, by combining e-matching with constraint-
based free variable reasoning, while retaining the scalability of SMT solvers.

The general philosophy of free variable methods [9] is to delay the choice of
instantiations for quantified formulae with the help of symbolic reasoning. For
example, we could instantiate the formula Jz.sel(b, z + 1) = sel(a, 2) using a free
variable X, resulting in sel(b, X 4+ 1) = sel(a,2). Modulo equational reasoning,
this creates the term sel(sto(a, 1,2), X 4+1), which can be unified with the trigger
in (2) under the constraint X = 1. It is then possible to proceed with the proof as
described above. After closing the proof, we can conclude that (5) indeed holds,
since the derived constraint X = 1 is satisfiable: it is possible (retrospectively)
to instantiate Jx.sel(b, x + 1) = sel(a, 2) with the concrete term X = 1.

This example demonstrates that a free variable calculus can be used to com-
pute answers to queries, in a manner similar to contraint logic programming.
The system developed in this paper is more general than “ordinary” logic pro-
gramming, however, since no restrictions on the use of quantifiers are imposed.

2 Background

2.1 Syntax and Semantics of Considered Logics

We assume familiarity with classical first-order logic (e.g., [9]). Let « range over
an infinite set X of variables, ¢ over an infinite set C of constants, p over a set
P of uninterpreted predicates with fixed arity, f over a set F' of uninterpreted
functions with fixed arity, and a over the set Z of integers. (Note the distinction
between constant symbols, such as ¢, and integer literals, such as 42). The syntax
of logics considered in this paper is defined by the following grammar:

¢ = QNG| OV | ¢ |Vag| g |t=0|t<0]|p(t,... 1)
t o a’c‘m‘at—l—-~-—|—at‘f(t,...,t)

The symbol ¢ denotes terms of linear arithmetic. A formula ¢ is called closed
if all variables in ¢ are bound by quantifiers, and ground if it does not contain
variables or quantifiers. A location within a formula ¢ is called positive if it is
underneath an even number of negations —, otherwise negative (we also speak of
positive/negative polarity). Simultaneous substitution of terms ¢ = (t1,...,t,)
for variables & = (z1,...,%,) in ¢ is denoted by [Z/t]¢; we assume that variable
capture is avoided by renaming bound variables as necessary. For simplicity, we



sometimes write s = ¢ as a shorthand of s — ¢ = 0. The abbreviation true (false)
stands for 0 =0 (1 = 0), and implication ¢ — ¢ for —¢ V 1.

We consider fragments of the syntax shown above, including function-free
first-order logic (Sect. 2.3, 3), full first-order logic (Sect. 4), and first-order logic
with linear integer arithmetic (Sect. 5). Semantics of any such logic £ is defined
by identifying a class Sy of structures (U, I), where U is a non-empty universe,
and I is an interpretation that maps predicates p € P to relations over U, func-
tions f € F to set-theoretic functions over U, and constants ¢ € C' to values in
U. Given a structure (U, I) (and a variable assignment), the evaluation of terms
and formulae is defined recursively as is common. A closed formula is called valid
if it evaluates to true for all structures (U,I) € S, and satisfiable if it evaluates
to true for at least one structure.

2.2 Sequent Calculi with Constraints

Throughout the paper we will work with the constraint sequent calculus that
is introduced in [20]. The calculus differs from normal Gentzen-style sequent
calculi [9] in that every sequent I" F A is annotated with a constraint C' (written
I' - A | C) that captures unification conditions derived in a sub-proof. Such
unification conditions come into play when free variables (which technically are
treated as constants) are used to instantiate quantified formulae. All calculi
in this paper are designed such that constraints cannot contain uninterpreted
predicates or functions, so that validity/satisfiable of constraints is decidable.

More formally, if I', A are finite sets of closed formulae (the antecedent and
succedent) and C is a closed formula, then I' A |} C is called a constrained
sequent. A sequent I' = A | C is called valid if the formula (AI'AC) = \/ A
is valid. A calculus rule is a binary relation between finite sets of sequents (the
premises) and single sequents (the conclusion). Proof trees are defined as is com-
mon as trees growing upwards in which each node is labeled with a constrained
sequent, and in which each node that is not a leaf is related with the nodes
directly above through an instance of a calculus rule. A proof is closed if it is
finite, and if all leaves are justified by a rule instance without premises.

2.3 The Basic Calculus for Function-Free First-Order Logic

At the core of all calculi introduced in this paper is a calculus for basic first-order
logic (FOL) with equality, at this point including uninterpreted predicates, but
no functions:

¢roL = ¢/\¢‘¢\/¢‘—\¢.Vx.¢‘HI.(b’sis’p(g) s u=c|x

Since functions and arithmetic were not included in the logic, terms can only be
(symbolic) constants or bound variables. Semantics is defined over the class Sror
of structures (U, I) with arbitrary non-empty universe U. The constraint calcu-
lus PrequC for the logic is shown in Fig. 1, with constraints consisting of
(possibly negated) equalities, Boolean connectives, and quantifiers. The validity
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Fig. 1. The rules of the calculus PredEq for first-order predicate logic. In all rules,
c is a constant that does not occur in the conclusion: in contrast to the use of Skolem
functions and free variables in tableaux, the same kinds of symbols (constants) are
used to handle both existential and universal quantifiers. Arbitrary renaming of bound
variables is allowed in the constraints when necessary to avoid variable capture.

of formulae of this kind is decidable by quantifier elimination [9]. The calculus is
analytic and contains two rules for each formula constructor, as well as a closure
rule PC to unify complementary literals. As an optimisation, the rule =RED can
be used to destructively apply equations; the rule is not necessary to establish
completeness, but relevant (together with further refinements) to turn PredEq“
into a practical calculus [20, 19].

Lemma 1 (Soundness). If a sequent I' = A |} C is provable in PredEq©,
then it is valid (holds in all Spor-structures).

In particular, proving a sequent I" A || C' with a valid constraint C' im-
plies that also the implication A I' — \/ A is valid. This gives rise to a constraint-
based proof procedure that iteratively constructs proof trees for an input se-
quent I' - A |} 7 with a yet unknown constraint. The constraints in a proof
can be filled in once all proof branches have been closed. In each iteration, the
procedure checks whether the constraint generated by the current proof is valid,
in which case the procedure can terminate with the result that the input prob-
lem has been proven; otherwise, the current proof has to be unfolded further.
Strategies for generating proofs (without the need for backtracking, i.e., undoing
previous proof steps) are discussed in [20].

Ezample 2. We show how to prove —=Vz.(—p(x) Vx = ¢) V —p(d) V p(c), in which
p € P is a unary predicate and c¢,d € C are constants:

* *
PC PC

P - @ biza " aZcpd - p@ bazc
-p(a),p(d) F ... §d=a a=¢,p(d) F p(c) lla;'éc\/dic\/L
.,opla)Va=c,pd) F plc) d=an(a#cVd=c)
Va.(op(x) Ve =c),pd) F plc) I R
F =Vz.(-p(z) Ve =c) vV -p(d) Vple) | R

VR*, 7R*



In order to instantiate the universal quantifier, the fresh constant a is introduced;
the constant is quantified existentially in the derived constraints, and therefore
can be seen as a “free variable.” The constraints on the right-hand side of |}
are practically filled in after closing the proof using PC, and do not contain the
predicate p, so that their validity can be decided. The validity of the original
formula —Vz.(—p(z) V& = ¢) V —p(d) V p(c) follows from the validity of the final
constraint R= Jz.(d =z A (z #£cVd=c)).

Lemma 3 (Completeness). Suppose ¢ is closed and valid. Then there is a
valid constraint C such that + ¢ | C is provable in PredEq®

3 Positive Unit Hyper-Resolution

As argued in Sect. 1.1, axioms and quantified formulae (in particular in verifica-
tion problems) are often manually formulated with a clear, directed application
strategy in mind. This makes it possible to systematically instantiate axioms in
a manner that more resembles the execution of a functional or logic program
than the search for a proof. From a practical point of view, providing support
for this style of reasoning (even if it is only applicable to a subset of input prob-
lems) is crucial to achieve the scalability needed for applications. We integrate
such user-guided reasoning into our calculus with the help of concepts from the
positive unit hyper-resolution (PUHR) calculus, an approach first used in the
SATCHMO theorem prover [11,12]. PUHR will be used in Sect. 4 to simulate
the e-matching method common in SMT solvers.

PUHR is a tableau procedure in which clauses are instantiated by matching
negative literals on (ground) literals already present on a proof branch. Starting
from the calculus PrequC defined in the last section, we introduce a similar
rule in our hyper-resolution sequent calculus PrequHRC, instantiating quanti-
fied formulae that are “guarded” by negative literals —p;(f1), ..., —pn(£n) using
symbols from matching literals p, ($y), . .., pn($n) in the antecedent of a sequent:

LApi(s) ), VE. (Vi —pi(t) vV @), simp(VE. (Ve $i # LV e)) F A LC
Ipi(s)}_, Ve (Vi —wif) Vo) H A LC

Given literals {p;($;) }!_, in a sequent, a quantified formula Vz. (\/;_, —p;(£;) V ¢)

can be instantiated using the argument terms $; by simultaneously solving the

systems §; = t; of equalities. In contrast to the original PUHR [11], we do not

require formulae to be range restricted. Note that the formula ¢ might be false

and disappear, and that the literals {p;($;)}?_, are not necessarily distinct. The
solving of equalities is formulated using a recursive simplification function simp:

simp(VZ.(t #tV ¢)) simp(VZ.¢)
simp(VT.(x; £tV @) simp(VZ.[x; [t]d)
simp(VZ.(t # x; V @) = simp(VT.[z;/t]p)
stimp(VZ.(s £tV ¢) s #tV simp(VZ.0)
simp(VE.6) = V(&N fu(d)). &

VL-M

.%'Z?ét)
st € T)

otherwise)

)
)
)
9)

~ o~~~



A rule JdrR-M similar to VL-M is introduced for existentially quantified formu-
lae 3z. (A, pi(t:) A ¢) in the succedent. The soundness of the new rules is
immediate, since the rules only introduce instances of quantified formulae al-
ready present in a sequent. After adding VL-M and JR-M, it is possible to impose
the side-condition that the rule VL is no longer allowed to be applied to formu-
lae Vz. (/i —pi(t:) V ¢); similarly for 3r. In other words, the ordinary rules VL
and IR may only be applied to formulae that do not start with negative literals.
We denote the resulting calculus by PrequHRC.

Ezxample 4. We show how the proof from Example 2 can be carried over to
PredEqHR ©. To this end, observe that the formula Va.(—p(x) V 2 = ¢) in the
antecedent is amenable to hyper-resolution, so that it is no longer necessary to
introduce the constant a in the proof. Also proof splitting can now be avoided:

d=c,p(d) + ple) U,dicpc 7
cd=cpd F pl) bd#ecvd=c
Vz.(-p(z) Ve =c),p(d) F pc) | true

F Vz.(-p(z) Ve =c) V-p(d) Vp(e) | true

L-M

VR*, 7R*

VL-M introduces the formula simp(Va.(d # x V x = ¢)), which can directly be
simplified to d = ¢. A further optimization is the use of =RED to minimize oc-
curring constraints.

Lemma 5 (Completeness). Suppose ¢ is closed, valid, and does not contain
constants. Then there is a valid constraint C' such that + ¢ |} C is provable in
PredEqHRC .

4 E-Matching through Relational Encoding

For practical applications, uninterpreted functions are more common and of-
ten more important than uninterpreted predicates. Uninterpreted functions and
equalities are in SMT solvers normally represented using congruence closure
methods [18], which build a congruence graph (also called e-graph) containing
nodes for all function terms present in a problem, with edges representing as-
serted equalities. More formally, given a finite subterm-closed set T" of terms and
a finite set E of equalities, the congruence graph is the undirected graph (T, E'),
where E’ O F is the smallest transitive and reflexive set of edges satisfying:

if f(s1,...,8n), f(t1,...,tn) € T arenodes with {(s1,%1),..., (sn,tn)} C E,
then also (f(s1,-.-,8n), f(t1,-.-,tn)) € E".

The relation E’ is normally constructed by fixed-point iteration, starting from
the given equalities E. Congruence graphs can be used to efficiently decide
whether an equality s = ¢ follows from the set E of equalities. In an SMT solver,
congruence graphs are dynamically updated each time new terms or equalities
occur. The congruence graph is also used as the underlying datastructure for
e-matching, since matching terms (modulo equations) can efficiently be found
using the congruence graph. We discuss in this section how both congruence
closure and e-matching can be encoded using uninterpreted predicates.



4.1 Relational Encoding of Functions

We consider first-order logic including function symbols, which means that the
grammar for terms shown in the beginning of Sect. 2.3 is extended to:

s u= c‘x’f(s,...,s)

where f € F ranges over function symbols. For the purpose of the encoding of
functions into relations, we assume that a fresh (n 4 1)-ary uninterpreted pred-
icate f, € P exists for every n-ary uninterpreted function f € F, representing
the graph of f. The relation f, satisfies two axioms, functionality and totality:

Fung = VZ,y1,y2. (= fpo(@,01) V(@ y2)Vyr = y2), Toty = VZ.3y. f,(Z,y).

We can then translate from formulae ¢ over the functional vocabulary F
(and relational vocabulary P) to formulae ¢ e; purely over the relational vocab-
ulary P. This can be done by means of the following rewriting rules:

Senc: D] ~ o (fyEx) Ala)
Veenc:  QLf(D] ~ Va. (~f,(F.2) v la])

Both rules have the side condition that rewritten occurrences of f(f) must not be
in the scope of quantifiers (in ¢) binding variables in the terms ¢; furthermore,
the variable x must be fresh in ¢. It is possible, however, to apply the rewriting
rules to arbitrary sub-formulae of a given formula ¢; in other words, the predicate
and quantifier that encode a function application f(f) can be placed arbitrarily
in the rewritten formula, as long as the function application remains in the scope
of the quantifier. Rewriting strategies are discussed later in this section.

Lemma 6. Suppose ¢ is a closed formula over the vocabulary F, and ¢gre; is a
function-free formula obtained from ¢ by application of the rewriting rules 3-enc
and V-enc. Then ¢ is valid iff /\feF (Funf A Totf) — @Rel 1S valid.

Since the calculi PrequC and PrequHRc are sound and complete for first-
order logic without function symbols, we can therefore construct calculi for first-
order logic including functions by first encoding functions as relations.

4.2 Ground Reasoning and Congruence Closure

We first concentrate on quantifier-free first-order formulae with functions. In this
setting, it is easy to see that the hyper-resolution calculus PredEqHR ¢, in com-
bination with the functionality axioms Fun; for functions f, is able to simulate
congruence closure procedures. This is supported by the following strengthened
version of Lem. 6, which observes that it is sufficient to consider partial func-
tions when solving essentially ground formulae: it is not necessary to take totality
axioms into account to derive an equivalence similar to the one in Lem. 6.

Lemma 7. Suppose ¢ is a closed formula over the vocabulary F, and ¢re; a
function-free formula obtained from ¢ by application of the rewriting rules 3-enc
and V-enc that contains V-quantifiers only in positive positions, and 3-quantifiers
only in negative positions. Then ¢ is valid iff /\feF Funy — ¢rer s valid.

8



The assumptions of the lemma require that the rewriting rule V-enc is only
applied in positive, and J-enc only in negative positions when deriving ¢p;
from ¢. As a result, there are only two kinds of quantifiers in the last formula in
Lem. 7: quantifiers in ¢ that can be eliminated with the help of the rules JL
and VR by means of Skolem symbols, and the quantifiers in the axioms Fun.
Since the latter can be handled usmg VL-M, formulae /\feF Fun¢ — ¢Rre can be
proven in the calculus PredEqHR © purely through ground reasoning, without
ever resorting to the rules VL/3R that introduce existentially quantified con-
stants. This style of reasoning closely corresponds to congruence closure, with
literals f,(¢,s) in the antecedent of sequents representing equivalence classes of
nodes of the congruence graph (T, E’), and instantiation of axioms Fun; simu-
lating the addition of further edges to the congruence relation E'.

Ezample 8. We show how ¢ = (p(f(a)) Aa=bAb=c— p(f(c))) is proven us-
ing the relational encoding. The corresponding formula ¢g.; is obtained by re-
placing the function terms f(a), f(b) with fresh quantified variables z, y:

Gret = Vr,y.(fpla,z) A fole,y) Ap(z) Na=bAb=c — p(y))

We can then construct a proof of Funy — ¢re using the rules =RED and VL-
M. The central step in the proof is to conclude u = v by instantiating the ax-
iom Funy using the symbols occurring in the literals f,(c,u) and f,(c, v):

*

Fung,u=v, fp(c,v),p(v) F p(v) re RED 2_ﬁ_2
Funy, 0= 0, fp@t).fy(€,0) 0@+ p(0) R
iy Foect). foles0) () = eb = T o(0) " )/ e8 £(0)
Funy o). fy(c,0),p(w), a = b b= - plv) o P
Funy, fp(a,u), fp(c,v),p(u),a=b,b=c  p(v) VR, ... p(f(a)) @----@p(f(c))

I Funf — ¢Rel

The constraint || true of each of the sequents has been left out. The proof
can also be visualized using the congruence graph shown on the right.

4.3 Relational E-Matching for Quantified Formulae

E-matching instantiates quantified formulae Vz.¢ by means of pattern matching:
triggers are identified in the matrix ¢, and are compared with the expressions
occurring in the congruence graph to determine relevant instances of the for-
mula. This process can be simulated using the relational function encoding, in
combination with the hyper-resolution calculus PredEqHR €, by deliberately
choosing the polarity of literals f,(¢,z) that are introduced in the relational
formula Vx.¢ge;: since the unit-hyper-resolution rule VL-M only considers nega-
tive literals in the matrix ¢re; of Va.¢pe for matching, it is possible to encode
triggers by negating the respective literals f,(¢,z) (i.e., by using the rewriting
rule V-enc to generate such literals), and keeping all other literals positive using
the rule F-enc.



Ezample 9. Consider the quantified formula Vz. f(x) = g(z). Four possible ways
of encoding the formula using relations, corresponding to different strategies
when applying the rules V-enc and 3-enc, are:

V. Jy, z.(fp(a:,y) ANgp(z,z) Ny = z) (7
Vo, y. (= fp(z,y) V 32.(gp(z,2) Ay = 2)) (8)
Vo, z.(—\gp(ac, 2)V3y.(fplz,y) Ny = z)) (9)
v, y, z.(ﬂfp(x, Y) V gz, 2) Vy = z) (10)

Each of the relational formulae corresponds to a particular selection of triggers
in Va.f(r) = g(x):

— in (7), no triggers have been chosen, with the result that the hyper-resolution
rule VL-M is not applicable. Instantiation of (7) is only possible using the
rule VL, replacing the bound variable x with an existentially quantified con-
stant that can later unified with some term.

— in (8), the term f(x) (corresponding to the negative literal f,(x,y)) has
been selected as trigger. In the calculus PrequHRC7 (8) can only be in-
stantiated using the rule VL-M, and only in case a literal f,(s,t) occurs in
the antecedent of a sequent, substituting the terms s, ¢ for the variables x, y.
This corresponds to e-matching the expression f(z) on a node f(t) of a
congruence graph. No free variables are needed to instantiate (8).

— similarly, in (9) the term g(x) is trigger.

— in (10), both terms f(x),g(x) have been chosen as a multi-trigger, which
means that (10) only can be instantiated if literals f,(s,t) and g,(s’,t") occur
in an antecedent. In this case, the instance s # s’ V t = ¢ will be generated,
expressing that the equality ¢ = ' can be assumed if s and s’ are unifiable.
In terms of e-graphs, the formula would only be instantiated if the e-graph
contains nodes f(s), g(s") such that s, s’ are in the same equivalence class.

The following proof fragment illustrates how (9) can be instantiated referring
to a literal gp(a,b) in the antecedent, effectively adding f,(a,b) to the sequent:

@), O) @ b= - e
(0.0, O), ol 0=~ YlyjulC
0r(,0),9) BiTola ) Au=) - 4yC " ()

gp(a,0),(9) F UVvy.C

The way in which a formula ¢ is translated to ¢ r.; determines how quantified
sub-formulae are instantiated, in the same way as SMT solvers can be guided
by specifying triggers (Alg. 1 shows how the translation can be done system-
atically, for a given set of triggers). However, it can be observed that the four
encodings (7)—(10) are all equivalent w.r.t. provability of theorems: in combina-
tion with the axioms Funy, Fung, Toty, Tot, each of the formulae can simulate
each other formula. The choice of triggers in formulae therefore only influences
efficiency, not completeness. For instance, formula (9) in (11) can be replaced
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Algorithm 1: ENCODETRIGGER: relational encoding of a quantified for-
mula for a specific set of triggers

Input: Formula VZ.¢, set T of trigger terms with variables from Z
Output: Relational formula ¢ e

quars < {z |z € T};
premises < 0;
while T' contains function terms do
pick (sub)term f(t) in T s.t. ¥ does not contain functions;
pick fresh variable y;
quars < quars U {y};
premises < premises U {f,(t,y)};
substitute y for f(f) everywhere in T and ¢;
end
apply 3-enc exhaustively to ¢;

return vWGCI'U('«"S'( \/pEpremises -p v (b)’

with (8) in the following way (the constraints of the sequents have been left out
for sake of brevity):

* _ fo(@,0), gp(@,b), gp(a,b),v =b F —RED
. Fxz=a folz,v), gp(x,v), gp(a,b),v =0 VL L
.y fo(x,v), gp(z,v), gp(a,b),z ZaVv=0b + Vi
Futty, f,(,0) Gl ), v = v gplasd) -
Fuy, ol ) 9,(x,0), W=, g,(ab) —
Fung, ..., fp(z,u),3z.(gp(z,2) Au = 2),gp(a,b) VL:M

Fung? TOtfa fp(xvu)agp(av b)a (8) F
Fungv TOtf7 gp(a’v b)7 (8) F

VL, JL

This illustrates that PUHR /e-matching-based reasoning (through VL-M and
JrR-M) can be mixed freely with free variable reasoning (through VL and 3Rr).
Proofs constructed without applying the rules VL and 3r closely correspond
to the ground reasoning in an SMT solver, while each application of VL or Ir
conceptually introduces a free variable that, at a later point during proof con-
struction, can be unified with other terms, extracting unification conditions in
the form of constraints.

5 Extension to Linear Integer Arithmetic

All techniques discussed so far carry over to first-order logic modulo the the-
ory of linear integer arithmetic (FOL(LIA)), via integration into the calculus
defined in [20]. The syntax of FOL(LIA) is defined by the grammar in the begin-
ning of Sect. 2.1 and combines first-order logic (with uninterpreted predicates
and functions) with arithmetic terms and predicates. Semantics is defined over
structures (7, I') with the set of integers as universe.

11



Nt=0F ¢s+a-t,A §C Is<0,t<0,a5+pt<0F A | C
- —RED-Z <L-Z
Lt=0F ¢}s],A | C Is<0,t<0F A |C =

Lp(s1,...,8n) F p(te, . tn), \;si —ti =0,A4 4 C
Iip(siy...,8n) F pta,...,tn), A J C

*

F7¢17"'7¢n = 1/)17-~~7¢m,4 U—'¢1\/"'\/¢1\/"'

PU-Z

CLOSE

Fig. 2. A selection of rules of the calculus PresPred ©; for a complete list see [20]. In
=RED-Z, « is a literal; we write ¢[s] in the succedent to denote that s occurs in an
arbitrary formula in the sequent, which can in particular also be in the antecedent. In
<L-Z, a, B > 0 are positive literals. In CLOSE-Z, the formulae ¢1,..., ¢n,¥1,...,1¥m do
not contain uninterpreted predicates.

As for FOL, we first introduce a calculus for the function-free fragment of
FOL(LIA). The integration of functions is then done in the same way as in
Sect. 3, 4 with the help of a relational encoding. The calculus PresPred © for the
function-free fragment consists of the rules in Fig. 1, together with a number
of rules specific for linear integer arithmetic, a selection of which are shown in
Fig. 2 (as a result, the rules =L, =R, =RED, and PC of the first-order calculus
can be removed); in the full calculus, also simplification and splitting rules are
needed [20]. A more general closure rule CLOSE has to be used than in PredEq “:
since integer arithmetic is not convex, also disjunctive constraints have to be con-
sidered. Constraints in PresPred ¢ are always formulae in Presburger arithmetic
(PA), i.e., do not contain uninterpreted predicates.

Lemma 10 (Soundness [20]). If a sequent I' = A |} C' can be proven in
PresPredC, then it is valid.

The logic FOL(LIA) subsumes Presburger arithmetic. Since the logic of quan-
tified Presburger arithmetic with predicates is IT{-complete [8], no complete cal-
culi can exist for FOL(LIA); however, it can be shown that the calculi introduced
in this section are complete for relevant and non-trivial fragments:

Lemma 11 (Completeness [20]). Suppose ¢ is a closed function-free formula
in one of the following fragments:

(i) ¢ does not contain uninterpreted predicates (i.e., in Presburger arithmetic);

(ii) ¢ contains universal (exist.) quantifiers only in positive (negative) positions;

(1ii) ¢ contains universal (exist.) quantifiers only in negative (positive) positions;

(iv) & is of the form VZ.(c — 1), where o is a formula in Presburger arithmetic
(without uninterpreted predicates) that has only finitely many solutions in Z,
and ¥ contains universal (existential) quantifiers only in negative (positive)
positions (i.e., a formula accepted by the ME(LIA) calculus [2]).

Then there is a valid constraint C' such that + ¢ | C is provable in PresPred©.

Practically, it can be observed that PresPred© can often also be applied suc-
cessfully to formulae outside of those fragments.
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5.1 Hyper-Resolution and E-Matching for FOL(LIA)

The unit hyper-resolution rule VL-M (and similarly the rule 3r-M) defined in
Sect. 3 can be integrated in the calculus PresPred © in the same way as in the
earlier first-order calculi, in order to instantiate formulae Vz. (\/;_; —p;(£;) V ¢)
by matching. In this context, the simplification function simp can be (but does
not have to be) replaced with a function tailored to integer arithmetic, i.e., a
function that is able to solve the system \/]_; §; # t; modulo integer arithmetic.

The calculus PresPredHR € is derived from PresPred © by adding the rules
VL-M and JR-M, and by imposing the side condition that the rule VL is no longer
applied to formulae of the shape Vz. (\/;_, —p;(f;) V ¢); similarly for the rule 3R.
As before, the soundness of the rules VL-M and JR-M is immediate. We can also
observe that PresPredHR © is relatively complete, in the sense that formulae
that are provable in PresPred © can also be proven using PresPredHR ©:

Lemma 12. Suppose I' = A | C is provable in PresPred® , where C' is a valid
constraint. Then there is a valid constraint C' such that I' = A || C” is provable
in PresPred HRC .

Encoding of functions. The relational encoding of functions from Sect. 4 can be
used to obtain a calculus for the full logic FOL(LIA) with functions. Although
there are no complete calculi for the full logic, we can observe that PresPred ¢
(and therefore, by Lem. 12, PresPredHRc) can handle at least all formulae that
can be proven by considering a finite set of ground instances:

Lemma 13. Suppose 3Z.¢ is a closed formula in FOL(LIA), with functions
ranging over the finite set F', such that ¢ is quantifier-free. If there is a valid
disjunction \/._, [z /t;|¢ of ground instances of 3x.¢, then there is a valid con-
straint C' such that { Funy, Tot s} ter + (3T.0) g, | C is provable in PresPred® .

The lemma directly generalises to disjunctions of existentially quantified for-
mulae, which in particular entails that PresPred © is complete for the class of
essentially uninterpreted formulae F (modulo linear integer arithmetic) with fi-
nite ground instantiation F* defined in [7], and thus also for the array property
fragment [3] (it is not a decision procedure for those fragments, however).

6 Experiments and Related Work

We have implemented the described calculus PresPredHR © for FOL(LIA) in
the theorem prover PRINCESS!, and are in the process of adding further optimi-
sations. PRINCESS uses the relational encoding from Sect. 4 to eagerly encode
functions, and heuristics similar to the ones in Simplify [5] to automatically
identify triggers in quantified formulae. PRINCESS is able to handle all of the
examples discussed in Sect. 1.1.

In order to evaluate the overhead of handling functions using the relational
encoding, we compared the performance of PRINCESS with the SMT solvers

! http://www.philipp.ruemmer.org/princess.shtml
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AUFLIA+p (193) AUFLIA-p (193)

73 191 191
Princess 145 137
CVvC3 132 128

Fig. 3. Number of solved benchmarks, out of 2 x 193 unsatisfiable (scrambled) AUFLIA
benchmarks selected in the SMT competition 2011. Experiments with PRINCESS were
done on an Intel Core i5 2-core machine with 3.2GHz, with a timeout of 1200s, heap-
space limited to 4Gb. The benchmarks in AUFLIA+p contain hand-written triggers
for most of the quantified formulae, while all triggers have been removed in AUFLIA-p.
The corresponding figures for Z3 and CVC3 are the results obtained during the SMT
competition 2011 (http://www.smtexec.org/exec/?jobs=856).

CVC3 [1] and Z3 [16], using benchmarks selected in the SMT competition 2011.
Since our work concentrates on the construction of proofs, we only considered
unsatisfiable benchmarks, removing 13 satisfiable AUFLIA problems in each
category. The results show that PRINCESS, while currently not being able to
compete with the fastest SMT solver Z3, performs better than the (state-of-the-
art) e-matching-based CVC3. This is a promising result, since PRINCESS does,
at the moment, not use SMT techniques like lemma learning and back-jumping,
which are important for large or propositionally complex problems. PRINCESS
can solve most benchmarks using e-matching alone, but uses free variables in 17
of the (solved) benchmarks, typically in smaller (but harder) instances.

Related Work E-matching is today used in most SMT solvers, based on tech-
niques that go back to the Simplify prover [5] and The Stanford Pascal Veri-
fier [17]; since then, various refinements of the e-matching approach have been
published, for instance [6, 15]. To the best of our knowledge, e-matching has not
previously been combined with free variable methods. An instantiation method
similar to e-matching, but with much stronger completeness results, has been
published in [7] and is used in Z3; a comparison with our method, in terms of
provability, is given in Sect. 5.1.

The model evolution calculus has recently been extended to theories, includ-
ing integer arithmetic [2]; our approach resembles model evolution in that it also
uses free variables in a tableaux setting, albeit in a more “rigid” (less branch-
local) manner. Further differences are that ME(LIA) works on clauses, only
supports a restricted form of existential quantification, and has a more explicit
representation of models. We are not aware of any ME(LIA) implementations.

There has been much work on integrating theories into resolution: [21] works
with constraints that are solved in a theory, but requires to enumerate the so-
lutions of constraints (whereas it is enough to check the validity of constraints
in our work). In [4], while it is enough to check constraint satisfiability, no un-
interpreted functions or predicates are supported.

Vice versa, resolution has been integrated into SMT solvers [14] as a method
to find instantiations of quantified formulae. This approach does not explicitly
take theories into account.
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A  Proof of Lemma 3

We use a lifting argument and first show that a ground version of the calculus
is complete. In the ground version, the rules VL and 3R are replaced with the
following rules:

I [z/c]p,Vx.0 A | C I v [z/c¢,Fx.0,A | C

Tved F AyJC  "v¢ TF s AlC  ®G

where ¢ is now allowed to be an arbitrary constant.

The completeness of this ground calculus can be shown using Hintikka-style
model construction: assume that a proof is constructed in a fair manner, which
means whenever a rule (other than PC and =R) is applicable to a formula on
a proof branch, it is eventually applied. Moreover, the rules VL-G and JR-G are
systematically applied to all quantified formulae, enumerating all constants of
the vocabulary. This construction will either eventually make it possible to close
all branches using PC/=R (with a valid constraint), or will produce a (potentially
infinite) saturated branch that cannot be closed. In the latter case it is possible
to construct a model of all formulae occurring on the branch (including the input
formulae) with the help of well-founded induction.

Ground proofs can be lifted to proofs in the original calculus PredEq € by re-
placing applications of VL-G/3R-G with the original rules VL/3R. Given a ground
proof with valid constraint C, this will turn C into a constraint C’ that possibly
also contains existential quantifiers. Because ¢ = Jc.¢, the validity of C' implies
the validity of C’.

B Proof of Lemma 5

The proof can be conducted in different ways: either a direct Hintikka-style
completeness proof can be given, which follows the same lines as the proof given
for Lemma 3; alternatively, it is possible to show that PredEq C-proofs can be
transformed into proofs in the calculus PredEqHR ¢ by systematically replacing
applications of VL with VL-M. We will at this point follow the second way, which
is more robust w.r.t. the later extension of the calculus to integer arithmetic.

Suppose that a PredEq©-proof P of a sequent + ¢ | C with valid con-
straint C' has been found, and that Q is a minimal sub-proof of P starting with
an application of VL to instantiate a quantified formula with negative literals
(i.e., a formula to which also VL-M can be applied):

Dle/A(Vie, () v 8) V- (Vi, (@) V) - A Llefad
rYa (Vo “piE)Ve) F A §35.C .
o)

We transform Q by shifting applications of the rules VL, VL, and —L that are
concerned with decomposing the instantiated formula towards the leaves of the
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proof, in such a way that every instantiation of the quantified formula eventually
has the following shape:

{ T - pla/di), A LD, PfL} R
Ipi(8), ~pi([Z/ct:) = A U D; 1 I, [z/d9,

. F Ay [z/gC o
LApi(5) ), Vieo—pi([E/dB) Vz/de, ... - A AL, DiAz/eC "
Lpi(s)}_, V&(Vio, @) Ve) - A U3z A\, DinC -
(12)

where D; represents the constraint §; = [Z/¢]¢;.
This transformation is justified through rewriting rules on PredEq C—proofs

that permute applications of the rules VL, VL, and —L with trailing applications
of other rules; e.g.:

I [x/c¢,Va.¢,[y/dly = A | [z/d[y/d]C
I [z/c¢,Ve.¢,3yah = A | [z/]Vy.C
I'Yzx.¢,yy = A |} Jz.vVy.C

I [z/c¢,Va.g, [y/dly = A | [y/d][z/c]C
~ I'Nz.¢,[y/dlv F A | [y/dF3z.C
I'Vrx.p, Iy H A | Vy.3x.C

For VL, rewriting is applied such that the size of the left sub-proof (in which
the unification of the literals \/[_; —p;(¢;) takes place) is reduced. We make use
of the fact that propositional rules are allowed to preserve the formula to which

they are applied, e.g.:

A B
¢ b ¢ ALA I F LA VB c
I¢ - ¢ A, A JLAAB Ty F ¢ Ay A LC
IV - ¢’ Ay, A LAABAC

VL

A [
o+ o¢,...,AUA Iy +F AY,ALC
~s oV - ¢ A’ ¢/, A JAANC
I¢vy F ¢ A, A YUANCABAC

VL

AR

It can be observed that none of the transformations strengthen constraints,
so that the overall constraint generated by the proof stays valid.
Once the instantiation of a quantified formula is in shape (12), it can be

replaced with an application of the rule VL-M. The formula introduced by VL-M
has the shape

simp(Vz. (Vi1 $i # 6V @) = u#vVVT.oo

where o is the accumulated substitution applied to the tail formula ¢, and Z’ is
a (possibly empty) subset of variables from Z that could not be eliminated. The
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resulting proof is:

* —r m R/
I uj=v,A4 uj =v; I, [@/djo¢,... - A § [&'/d)C’
—L
Douj#v; - A Ju; =, i DVElee,.. F A L3

ik
na#oVvVzd.op,... - A Ja=uvA3z.C’

rsimp(Va. (VI  § 26V )),... - A ba=5A3z.C'
Lo{pi(s)}]_,, Y& (Vi pi(f)Ve) - A ba=oA3z'.C’

VL-M

Here, the sub-proof R can be derived from R in (12) by substituting the con-
stants ¢ with [Z//d]oZ.
Repeating this transformation will eventually turn the PredEq C—proof into

a PredEqHR C—proof.

C Proof of Lemma 12

As in the proof of Lem. 5, show that applications of VL (3R) can systematically
be replaced with applications of VL-M (3r-M), gradually turning the PresPred ©-
proof into a PresPredHR C—proof.

D Proof of Lemma 13

We show that the instantiation with ground terms (Z;)!_; can be simulated in
PresPred ©. For this, we first consider a ground version of PresPredC7 similar
to the one in Appendix A, where the rules VL and 3R are replaced with the
following rules:

I [z/t]p,Ve.9o - A |} C I+ [z/t]¢,Fz.0,A | C

Tveo F AJC  "w@ TFa3rgAjC  RC

where ¢ is allowed to be an arbitrary function-free term.

We construct a proof of { Funy, Tots} tcp = (3Z.¢) 5., in the resulting ground
calculus. Consider the set of terms T = {¢; | i € {1,...,n}}. We use the totality
axioms {Tot;}scp to recursively introduce constants ¢, representing function
terms s = f(s1,...,8y,) that occur in T, using a similar loop as in Alg. 1:

Algorithm 2: Flattening of ground terms

while T' contains function terms do

pick (sub)term s = f(s1,...,8m) in T s.t. s1,..., Sy, do not contain
functions;
create an instance fp(s1,...,Sm,¢cs) of the axiom Tot; by first
applying VL-G m times, using the terms s1, ..., S;,, followed by one
application of JL;
substitute ¢ for f(s1,...,sm,) everywhere in T}

end
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This leads to a sequent {Fung, Tots} ser, Lits = (3T.¢) p,;, where Lits is a
set of literals of the form f,(s1,...,8m,¢s). We can continue this proof through
the following steps:

— Use the rule JrR-G to generate ground instances of (3Z.¢) ., corresponding
to \/i_,[z/t;]¢ by instantiation with the constants c,.

— Use the axioms { Fun¢}ser, together with the rules VL-G and PU-Z to create
Ackermann instances for all (pairs of) functions terms in the sequent.

— Due to the completeness of PresPred© for Presburger arithmetic [20], the

proof can be extended and closed using propositional and arithmetic rules.

The resulting ground proof of { Funy, Tots}rcp & (37.¢)p,, can be lifted to
a proof in the original calculus PresPred @, like in Appendix A.
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E Detailed Experimental Results for AUFLIA-+p

Benchmarks are available on:
http://www.smtexec.org/exec/divisionResults.php?jobs=856&division=AUFLIAY2Bp

Benchmark Time/s #free var. Benchmark Time/s #free var.
AdditiveMethods_Owne 23.3 javafe.filespace.Pkg 466.6
AdvancedTypes W..cto 3.8 javafe.filespace.Que 0.1
Alloc_Alloc.GimmieOn 1.7 javafe.filespace.Res 0.6
Alloc_Alloc.M4_Tnot 3.7 javafe.filespace.Res 0.5
AndNumbers_T..ctor-1 0.9 javafe.filespace.Res 1.1
AssignToNonInvariant 3.8 javafe.filespace.Tre 0.9
AssignToNonInvariant 1.3 javafe.filespace.Zip 0.6

Bag2 Bag..cctor 0.3 javafe.parser.Lex.00 T/O
BasicMethodology Bas T/O javafe.parser.Lex.01 T/O
BasicMethodology C.. 2.7 javafe.parser.Lex.02 1.9
BasicMethodology_Sub 0.4 javafe.parser.ParseE T/O
bignum_quant 0.1 javafe.parser.ParseE T/O
fuzzmark2 T/O javafe.parser.ParseS T/O
Branching T.P_System 0.2 javafe.parser.ParseS T/O

burns12 0.1 javafe.parser.test.T T/O
burns13 5.4 javafe.parser.test.T 8.7

burns4 T/O javafe.parser.test.T 0.5

burns9 0.1 javafe.PrintSpec.12  167.1 88
Call_Call..ctor 1.3 javafe.reader.Cached 0.3

Call DifferentFormal 0.0 javafe.reader.Standa 59.0
Cast_Cast.NO_System. 204.2 javafe.SrcTool.010 0.7
checkTypeDeclElem T/O javafe.tc.CheckCompi T/O
Chunker10_Chunker.Sp 1.3 javafe.tc.Env.645 1.7
Chunker7_Chunker..cc 0.3 javafe.tc.EnvForLoca 1.9
Chunker_Chunker.Next T/O javafe.tc.FieldDeclV T/O
DefaultLoopInvO_Test 1.8 javafe.tc.FlowInsens T/O

equiv7 M-infer_e-vc. 0.1 javafe.tc.FlowInsens T/O
ExactTypes_F..cctor 0.4 javafe.tc.MethodDecl 2.7 9
ExposeVersion_A.Fiel 556.7 javafe.tc.MethodDecl 33.1 39
Finally ReturnFinall 1.0 javafe.tc.MethodDecl T/O
getNextPragma T/O javafe.tc.MethodDecl 12.1
heapaware0_M-infer_.e 0.2 javafe.tc.PrepTypeDe T/O
Immutable_test3.B..c 30.1 javafe.tc.Types.011 2.3
Immutable_test3.C..c T/O javafe.tc.Types.023 0.6
javafe.ast.Ambiguous 1.5 javafe.tc.Types.043 T/O
javafe.ast.ArrayRefE 14.4 javafe.tc.TypeSig.72 32.5
javafe.ast.ArrayType 24.6 javafe.tc.TypeSig.72 2.2
javafe.ast.ArrayType 28.9 javafe.tc.TypeSigVec 80.5 84
javafe.ast.BinaryExp 29.0 javafe.tc.TypeSigVec T/O
javafe.ast.BreakStmt 1.5 javafe.test.Print.76 0.5
javafe.ast.BreakStmt 2.2 javafe.util.Buffered 0.5
javafe.ast.CastExpr. 1.5 javafe.util.FatalErr 1.5
javafe.ast.CastExpr. 1.5 javafe.util.FilterCo 0.6
javafe.ast.CastExpr. 2.3 javafe.util.FilterCo 0.8
javafe.ast.CatchClau T/O javafe.util.Location T/O
javafe.ast.CompoundN 3.6 javafe.util.Location 0.8
javafe.ast.Construct 1.8 javafe.util.Location T/O
javafe.ast.ContinueS 1.5 javafe.util.Set.806 0.9
javafe.ast.DefaultVi 0.6 javafe.util.Set.816 0.4
javafe.ast.Delegatin 0.4 listl 0.0
javafe.ast.DoStmt.00 4.5 list3 0.0
javafe.ast.ExprVec.0 T/O LocalExposeD..ctor T/O
javafe.ast.ExprVec.1 0.4 MustOverride Ex4.C.. 1.4
javafe.ast.FieldAcce 3.3 Passification Array2 0.1
javafe.ast.FieldDecl 2.6 Passification_goodil- 0.0
javafe.ast.FormalPar T/O PeerFields PeerField T/O
javafe.ast.ForStmt.1 2.4 piVvC_098a89 5.1
javafe.ast.GenericVa 0.5 pivC_577945 0.4 11
javafe.ast.Identifie 0.2 pivC_647bf6 5.1
javafe.ast.Identifie 0.2 piVC_675f8a 5.0 65
javafe.ast.Identifie T/O pivVC_67ff5¢c 0.3 11
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F Detailed Experimental Results for AUFLIA-p

Benchmarks are available on:
http://www.smtexec.org/exec/divisionResults.php?jobs=856&division=AUFLIA-p

Benchmark Time/s #free var. Benchmark Time/s #free var.
AdditiveMethods_Owne 17.7 javafe.filespace.Slo 5.6
AdditiveMethods_Owne 1.2 javafe.filespace.Str 0.6
AddMethod Bag.SpecSh 2.2 javafe.filespace.Uni 0.4
AdvancedTypes_Q..cto 2.7 javafe.filespace.Uni 0.3
Alloc_Alloc.MO.T T/O javafe.FrontEndTool. 0.1
arr2 0.1 javafe.genericfile.U 0.1
AssignToNonInvariant 3.1 javafe.genericfile.Z 1.3
Assumptions_Assumpti T/O javafe.genericfile.Z 0.6
BasicMethodology Com 0.4 javafe.genericfile.Z 0.4
BasicMethodology_Sub T/O javafe.parser.Lex.00 T/O
bignum_quant 0.0 javafe.parser.Lex.01 T/O
fuzzmark?2 T/O javafe.parser.ParseE T/O
burnsi3 5.4 javafe.parser.ParseE T/O
burns3 0.0 javafe.parser.ParseS T/O
Call DifferentFormal 0.0 javafe.parser.ParseS T/O
Cast_Cast.NO_System. 276.9 javafe.parser.ParseT 23.6
Change769.S..ctor Sy 0.3 javafe.parser.test.T T/O
Change769_Test3.Foo 0.3 javafe.parser.test.T 7.8
Change773_Testl..cto 1.1 javafe.reader.ASTCla 25.2
checkTypeDeclElem T/O javafe.reader.Cached 0.6
Chunkerii-AdditiveEx 1.6 javafe.reader.Descri T/O
Chunker4 Chunker..ct T/O javafe.reader.SrcRea 4.4
Chunker5_Chunker..ct T/O javafe.SrcTool.17 0.6
Chunker_Chunker..cto T/O javafe.tc.CheckCompi 2.2
Chunker_Chunker.Next T/O javafe.tc.ConstantEx 21.0
equivpolyO M-infer.e 0.1 javafe.tc.Env.010 2.4
ExactTypes.W..ctor 19.2 javafe.tc.EnvForType 9.0
ExposeVersion S..cto T/O javafe.tc.FieldDeclV T/O
False_Testl-noinfer 0.0 javafe.tc.FieldDeclV 11.9
FormulaTerm2 Q-noinf 0.0 javafe.tc.FlowInsens T/O
FormulaTerm_less-noi 0.0 javafe.tc.FlowInsens T/O
getNextPragma T/O javafe.tc.FlowInsens 99.1
Immutable_test3.B.M 3.6 javafe.tc.MethodDecl T/O
javafe.ast.ArrayRefE 0.5 javafe.tc.PrepTypeDe T/O
javafe.ast.ArrayType 89.9 javafe.tc.TypeCheck. 175.5 176
javafe.ast.ArrayType 28.9 javafe.tc.Types.749 1.5
javafe.ast.ASTDecora 0.3 javafe.tc.TypeSig.00 88.2
javafe.ast.BlockStmt 2.5 javafe.tc.TypeSigVec T/O
javafe.ast.BreakStmt 28.6 javafe.tc.TypeSigVec T/O
javafe.ast.CatchClau 1.6 javafe.tc.TypeSigVec 12.9
javafe.ast.CatchClau T/O javafe.test.LocTool. 0.4
javafe.ast.ClassLite 25.6 javafe.util.ErrorSet 37.0
javafe.ast.ClassLite 3.6 javafe.util.FilterCo 1.3
javafe.ast.Compilati T/O javafe.util.FilterCo 0.8
javafe.ast.CompoundN 15.5 javafe.util.Location 0.1
javafe.ast.CondExpr. 2.3 javafe.util.Set.808 0.3
javafe.ast.Construct 2.4 listl 0.0
javafe.ast.DefaultVi 2.1 list3 0.0
javafe.ast.Delegatin 0.3 LocalExpose_T.SpecSh 9.9
javafe.ast.DoStmt.13 2.2 01d_01dInCodeO-noinf 0.1
javafe.ast.ExprVec.0 T/O Pack_ Bad2.Cell..ctor 1.8
javafe.ast.FieldDecl 14.5 Pack_Bad2.Cell.SpecS 1.3
javafe.ast.FormalPar T/O Pack_-Good2.Cell..cct 0.3
javafe.ast.Identifie 0.8 Passification Unreac 0.0
javafe.ast.Identifie T/O piVC_098a89 5.1
javafe.ast.ImportDec 6.6 piVC_0f7c6a 4.7 65
javafe.ast.ImportDec T/O piVC_3937a0 0.0
javafe.ast.InitBlock 3.0 piVC_600bf6 0.0
javafe.ast.Instanced T/O pivC_675f8a 5.1
javafe.ast.Instanced T/O piVC_67ff5c 0.3 11
javafe.ast.LexicalPr T/O pivC_8894c1 0.0
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